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Abstract 
In many image transmission and acquisition situations, the image may become 

cornlpted by additive noise. De-noising refers to the process of removing the noise while 
maintaining good visual quality. This problem has assumed major  significance with the 
increase in image related communication that  has accompanied the exponential growth 
of the intemet.  Traditionally, image quality is measured in terms of PSNR (Peak Signal 
to Noise Ratio) which:may have limited relation, at best, to the perceptual quality of the 
image. In this paper we present a novel de-noising scheme which results in significantly 
improved performance in terms of both perceptual quality and PSNR. Furthermore, 
we show that  the de-noising framework that  we propose encompasses the usual linear 
transform based de-noising schemes as special cases. 

1 Introduction 
ClassicM methods for de-noising images treat  the problem no differently from its one- 
dimensional counterpart .  There is no explicit way of preserving important  structural  
information which is crucial for interpretation, recognition and other computer vision 
tasks. In fact most of the usual de-noising schemes perform poorly with respect to the 
preservation of structure. This paper  proposes an approach to de-noising that  improves 
PSNR while preserving structure. This is accomplished by employing structure sensitive 
constraints to guide the usual PSNR-enhaneing de-noising schemes. Instead of making 
the usual assumption that  the image is a smooth signal, we view the image as a multi- 
scale, piecewise-smooth, 2-D signal and use the PSNR based approach on each of these 
smooth parts  defined by a multi-scale image segmentation. Clearly, the fidelity of image 
segmentation used would have a direct impact on the performance of the algorithm. To 
this end we use a multi-scale image segmentation algorithm that  extracts image regions, 
which are in agreement with what is percieved, in the presence of significant geometric, 
topological and spectral complexity, and regardless of the number and parameters  of 
the natural  scales present in a given image. Since the image varies smoothly over each 
segmented region, the PSNR also improves significantly compared to that  achieved by 
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the same de-noising method applied globally over the entire image. Thus, the net effect 
is the integration of high-fidelity image segmentation and bet ter  than usual PSNR gains 
in each segment, leading to an improvement in perceptual quality in both optical and 
spectral senses. 

The model for image estimation in the presence of additive noise may be writ ten as 
~ j  = X 0 + ¢,j, where i, j are indices into the image represented as a matrix, Y is the 
noisy signal, X is the uncorrupted signal and ¢ represents the additive noise. 

Many of the previously proposed de-noising methods with good performance use 
an orthonormal transform such as a Wavelet or a Fourier transform to map the noisy 
image Y into a domain where the energy of X is compactly represented. Note that  we 
may consider the contributions due to X and e indepedently due to the finearity of the 
transform. The signal compaction properties of the transforms ensure that  most of the 
energy of X is concentrated into a few coefficients in the transform domain. Since the 
energy of X is not changed by an orthonormal finear transform (Parseval's relation) 
these few coefficients, which recieve significant contribution from X, have relatively 
large values. 

If the noise e is assumed to be identically and independently distributed, additive 
and white Ganssian (i.i.d. AWGN), the contribution to the transform coefficients due 
to noise is still distributed across the transform domain and their values retain the 
s tandard deviation characterizing the noise in the image domain. The contribution 
due to noise in each coefficient is small but  effects all the coefficients. This distribu- 
tion of the noise energy may also be explained by the fact that  an orthonormal linear 
transform only results in a rotation of the coordinate system representing the image. 
Hence, the probability distributions of the noise coefficients, which are symmetric with 
respect to axis rotation due to i.i.d, assumption, are not affected by such a coordinate 
transformation. 

Thus in the transform domain we get a representation of the noisy image Y in 
which the actual image X is typically concentrated in a few large values and the noise 
contributes small values to all transform coefficients. This discussion would suggest that  
applying a threshold on the transform coefficients and setting to zero all values below 
the threshold might be a good de-noising scheme. Donoho and Johnstone [1] analyzed 
the scenario under the i.i.d. AWGN assumption I and derived the optimal threshold to 
be appfied when a linear, orthonormai transform is used. It is well known that  linear 
transforms (including Wavelets) result in a distribution of the energy contributed by 
the edge areas in the image all over the transform domain in contrast to the energy 
contributed by the non-edge areas in the image which is localized to low frequencies. 
Since the transitions across edges contribute mainly to the small values, which are 
removed by the thresholding operation, we obtain distortion in edge areas. 

Liu and Motflin [2] propose a more complicated approach which uses a lossy coder to 
code the image; the rate-distortion factor of the lossy coder being determined adaptively 
depending on the noise level corrupting the image. They use a Wavelet transform based 
lossy coder [3], which benifits mainly from the different representations of the noise and 
the signal in the Wavelet domain. The basic assumption is that  the loss incurred in 
the coder is mostly due to the removal of noise which is valid since i.i.d. Gaussian 
noise is hard to compress. Their method works well for high SNRs and produces fewer 
artifacts than the simpler thresholding scheme of Donoho [1]. However edge distortion 
invariably occurs at  low SNRs since the lossy coder does not perform as well for the i 

l i t  may be noted that the AWGN assumption can be readily extended in a robust way to 
other probability distributions provided that the i.i.d, assumption is satisfied. 
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rate-distortion factors corresponding to low SNRs. 
We introduce the new framework for structure mediated de-noising for i.i.d. AWGN 

in the next section and outline the key new ideas proposed. Our framework incorpo- 
rates two major but independent components which are discussed in sections 3 and 4. 
Implementation details and a few illustrative results are presented in section 5. 

2 Proposed Framework for De-noising 
The key idea behind the proposed approach comes from the discussion in the previous 
section on the rate-distortion (Liu-Moulin) and hard thresholding (Donoho-Johnstone) 
schemes. Both these schemes inherently depend on the fact that the non-noisy signal is 
compressible and hence compactly representable in the Wavelet domain. The important 
point to note is that these schemes can be applied independently on different portions of 
the image, provided that the pixel population within each region is sufficiently large (we 
will define this more concretely later) to support the asymptotic assumptions involved. 
Thus we might think of the following processing: (a) split the image into disjoint sets 
of pixels and (b) apply the usual de-noising scheme over each set independently. 

Provided that we split the image into disjoint collections of pixels, each collection 
characterized by grey value homogeniety, the Wavelet transform would be able to com- 
press each of the regions individually to a high degree. This follows because the Wavelet 
transform (and in fact any other compacting linear transform) has difficulty in compact- 
ing signals with both smooth as well as high frequency components [4]. By segmenting 
the regions, say into regions characterized by gray level similarity, and choosing an in- 
dividual region over which to apply the transform, we effectively eliminate most of the 
high frequency coelficients which cause loss in compaction, resulting in high compaction. 
This maximizes the performance of the schemes that we have discnssed in Section 1. 

A segmentation scheme which would robustly segment an image in the presence of 
Ganssian noise is needed. The presence of Gaussian noise is not likely to cause much 
degradation in the segmentation scheme relative to the case of the noise free image since: 
(a) segmentation involves pixet population analysis in order to find regions and (b) the 
noise is assumed to be i.i.d, and hence does not superimpose significant structure on 
the image. Recently, a new multi-scale segmentation scheme has been proposed that 
extracts image regions at all natural geometric and photometric scales present. At 
each scale, the regions extracted are consistent with perception for a wide range of 
the geometric, topological and spectral complexities [5]. We use this algorithm, in our 
present work, for segmentation. 

The idea of exploiting the advantages of the Wavelet (and other linear) transforms 
over regions immediately leads to another problem: regions have arbitrary shapes and 
the Wavelets and other linear transforms cannot be applied over a region of arbitrary 
support. These transforms are defined only over square (or rectangular) supports. In 
fact, Wavelets may be applied, without computational tricks, only to supports which 
are powers of two. We propose a solution which not only extends the definition of 
the Wavelet transform (and any other discrete linear transform) to arbitrary supports 
but also leads to maximal compaction. Section 4 and a previous paper [6] provide the 
details. 

To summarize, the framework that we propose involves three key steps: 

1. Segment the image to obtain a multi-scale partition of the image into homoge- 
neous regions and post process the results (section 3). 
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2. Convert each region into a form so that  the linear transform can be applied 
(section 4). 

3. Apply the transform based processing over each region individually, invert, the 
linear transform and combine the results from different regions. 

It is to be noted that  the only restriction on the baseline de-noising scheme is that  
it  is linear transform based. Most of the schemes which perform well in practice be- 
long to this category. Furthermore, by considering the entire image as a single region 
we get back to the usual version of the baseline de-noising scheme. Thus, our frame- 
work includes as special cases all baseline de-noising schemes which are based on signal 
compaction in linear transform domains. 

In the above discussion we have justified why we expect to obtain an advantage 
over the base-line processing scheme using our framework. Results show significant 
improvement in visual quality due to both PSNR increase and bet ter  structure preser- 
vation. The proposed framework can be viewed as a multi-representational paradigm 
which combines the advantages of linear schemes which generally work well with smooth 
signals, and the structural information provided by multi-scale segmentation which com- 
plements the strengths of the linear methods. Thus we benefit from the complementarity 
of representations. 

3 Segmentation 
In this paper, we will be using the segmentation information provided by the multi- 
scale segmentation transform described in [5]. As explained in the previous section, 
the performance of the segmentation algorithm is not expected to degrade very much 
due to i.i.d. AWGN. However, since we will be considering low SNRs, there might 
occur spurious structures in the image introduced by the noise which will be (correctly) 
detected by the low level segmentation method. Such noise artifacts will tend to be 
small and therefore could be removed by postprocessing the result of segmentation. 
Another  reason for post processing is that  the population of the pixels in each region 
should be above the minimum required to validate the asymptotic assumptions behind 
de-noising algorithms. Since the segmentation provided by the algorithm in [5] detects 
regions at  all spatial scales, including those regions smaller than can be used, the small 
regions must be replaced by their sufficiently large parent regions at coarser scales, or if 
such a parent region cannot be found merged with a suitable neighbor, before applying 
the transform-based de-noising algorithms. 

3.1 Post processing of segmentation data 
We consider regions at  the finest photometric scale for de-noising independently. For 
those regions that  are too small, the path  to the root of the segmentation tree is searched 
to find the nearest parent region having sufficiently large size. If no such region is found, 
that  is if the finest scale region does not merge with any other region, then the region 
is deleted. This helps ensure that  the asymptotic assumptions are followed and any 
spurious regions introduced by noise are disregarded. 

To arrive at the size threshold, let X~, i =- 1 . . . n  be a sequence of i.i.d, random 
variables. As n tends to oo, the value of ~ = l ( X i / n )  approaches the expected value 
of the individual random variables. Under the assumption tha t  the noise is zero mean, 
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we formulate the following criterion to specify an acceptable level of the validity of the 
asymptotic results E(I ~'2=l (Xi/n))l 2) < 1. 

Since the expectation above decreases with increasing n, we obtain a threshold for 
the minimum size of the region. With  Gaussian noise of s tandard deviation ~, we will 
thus need the number of pixels in a region is at  least a 2. This assumption will ensure 
that  if we replace all the pixels within a region with the average value of the region 
(A), A will be a ratldom variable with standard deviation smaller than 1 and mean 
equal to the the average of the same pixels in the uncorrupted image. Normally one 
would expect that  artifacts would appear at  region edges since we process each region 
independently of the others. The minimum size requirement on regions is intended to 
reduce this artifact by ensuring that  the region mean in the noisy image is not very 
different from the region mean in the uncorrupted image. 

Given the above threshold for the minimum size of a region, we obtain a simple 
algorithm. We apply the linear transform based de-noising to all the regions at  finest 
scale that  have a size larger than the threshold. For any region at the finest scale with 
size below the threshold, we perform the following steps: 

1. If the region gets merged with another region at a coarser scale in the segmen- 
tat ion tree, since the regions at coarser scales are preserved at finer scale, find 
the smallest acceptable region along the path  to the root and use it to replace all 
descendent leaves of the region. 

2. If the region at  a fine scale persists in all coarser scales of segmentation, merge 
it with the neighboring region which has minimum disparity in mean gray value 
from the current, region. 

Figure 1 shows the segmentation before and after post  processing for the image 
Lenna. The output  of the segmentation algorithm shows a number of small regions 
which are generated by isolated large values of noise. These regions are removed from 
the segmentation after post  processing. 

(a) (b) (c) 

Figure 1: (a) Lenna corrupted by Gaussioal noise of s.d. 15 (b) Segmentation at  the 
finest scale and (c) Segmentation after post processing using multi-scale segmentation 
data.  
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4 Linear Transforms over Arbitrary Supports 

Discrete linear transforms in two dimensions are in most cases defined over a rectangular 
support. The usual practice when we want to apply the transform over an arbitrarily 
shaped support is to fill out the rest of the support with zeros to make up the rectan- 
gle and then use the natural  definition of the transform over a rectangle. This is an 
extension of the one dimensional case where we fill out an arbitrary length data set 
with zeros to form a data set of length 2 ~ either to increase the computational speed 
(through FFTs  for Fourier Transforms) or to satisfy the definition of the transform (in 
the case of dyadic Wavelets). This, however, does not lead to a satisfactory definition 
of the linear transform in two or more dimensions for many applications. 

The above discussion leads us to the following question: what should be the val- 
ues attributed to the sample points which he within the rectangle but  not within the 
support of the function? With each possible choice of the values for the pixels which 
he outside the support but within the rectangular region, we can associate a possible 
function-transform pair. We would hke to define the free pixels (the pixels within the 
rectangular region but outside the support) so as to minimize the high frequency con- 
tent in the transform domain. Thus we may view this as minimizing a cost function 
which maximally shifts the energy in the low ~'equency values over all possible choices of 
the free pixels. The choice of the free pixels should distribute the energy due to region 
boundary, as well as the energy within the rectangle but outside the region, to as low 
frequency values as possible. 

In section 4.1, we provide a re-definition of the discrete linear transform that packs 
the energy into the low frequency areas. The solution in constructed within the projec- 
tion on convex sets formalism. Since all the constraint sets are convex, this framework 
guarantees convergence to a solution. This kind of formulation has been treated by us 
in a more general context in [6]. If speed is an issue, it is to be noted that this algorithm 
may be reformulated to achieve quadratic convergence [7]. 

4.1 Re-defining the l inear transform 

In this section we will defme constraints that the "free pixcls" should satisfy, inorder 
that we may pack most of the energy in the low frequency areas of the image. These 
constraints may be different depending on the meaning attributed to the term "high fre- 
quency", l~br this purpose, we define ~ as the side of a square shaped region containing 
the low frequency components in the transform domain (figure 2(a)). All components 
which lie outside the square region are high frequency components and are to be mini- 
mized. Note that we could avoid ~ by defining our cost criterion to be the minimization 
of the first (or second order moment) of the coefficients in the transform domain. This 
kind of cost criterion imposes larger penalties on higher frequency terms, thus resulting 
in packing of the energy in the low frequencies. However, we found the improvement 
in performance not significant enough to justify the increased complexity. Choice of a 
value for ~ will be discussed later. 

Now we have obtained two constraints that we would like the signal to satisfy: 

1. In the transform domain the image should have minimum energy outside the 
square region of side ¢ as defined above. That  is all components outside the 
square should be as close to zero as possible in the L 2 norm sense. 

2. In the spatial (or image) domain, the image should satisfy the known values of 
the function within its support. 
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(a) 

Figure 2: Constraints for the DFT. (a) DFT domain: Values outside the shaded square 
should be minimized (in L 2 sense). (b) Spatial (or image) domain: Known values of 
the function should not be disturbed. 

These two constraints are illustrated in figure 2. That  they may be put  in terms of 
convex sets and a solution obtained using the Projection on Convex Sets algorithm is 
a straight forward exercise. The reader is refered to [8, 6] for more details. 

What  should be the value of ¢? We found that  the results that  we obtain (for this 
application in de-noising) do not vary much with ~ provided that  we choose ~ not too 
conservatively. If we choose the value of ¢ too conservatively, we might end up with 
too little variation in the free pixels and hence might not obtain optimal packing of 
the energy in the low frequencies. Since each region may be enclosed in squares of 
different sizes, we chose ~ to be proportional to the side length of the square on which 
the transform is being applied. As mentioned earlier, a less adhoc solution would be to 
avoid the choice of ~ altogether, and maximize the energy at low frequencies. 

5 I m p l e m e n t a t i o n  and Resu l t s  
We use the Donoho-Johnstone hard thresholding criterion as our baseline scheme. As 
described in section 1, the optimal performance of this criterion requires maximal pack- 
ing of the image energy in as few coefficients in the transform domain as possible. Since 
each of the individual regions processed with the baseline scheme already approximately 
satisfies this requirement for the optimal performance of the Donoho-Johnstone crite- 
rion, we expect only marginal changes in performance if we apply more complicated 
processing. From [1], we obtain the following threshold to be applied on the Wavelet 
coefacients for Gaussian noise of s.d. ~r: ( T h r e s h o l d )  2 = ~r2(21n(N)),  where N is the 
number of pixels within a particular region. We use the Daubechies 4-tap Wavelet filters 
inorder to perform the simulations. The POCS algorithm for calculating the optimal 
transform over the arbi trary shaped region converges within 2-3 iterations to within 
10% of its final value on tile average. As was noted before, convergence can be speeded 
up even more by formulating the optimization problem in the formalism provided in [7]. 

Illustrative results are shown for the image Goldhill. Results for the GoldhiU image 
for a Gaussian noise of s tandard deviation 15 are shown in figure 3. In figure 3(c), the 
edges are clearly bet ter  preserved than figure 3(b). This may be seen from the bars on 
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(a) (b) (c) 

Figure 3: (a) GoldhiU corrupted by i.i.d. AWGN of s.d. 15 (PSNR 24.6 dB) (b) Goldhill 
processed with Donoho-Johnstone criterion (PSNR 29.61 dB) (c) Goldhill processed 
with proposed approach (PSNR 31.70 dB) 

the windows, the outline of the roofs and other portions of the image. Furthermore, 
the strealcs that are found in figure 3(b) disappear in figure 3(c). 

The results show that our algorithm preserves the structure as well as improves 
PSNR. Although results have been presented using the Donoho-Johnstone hard thresh- 
olding criterion as its baseline scheme, other transform based approaches could be easily 
used to de-noise the individual regions [2, 9]. 
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