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Abstract
Challenges to accurate registration come from three
factors —presence of background clutter, occlusion of
the pattern being registered and changes in feature values across images. To address these concerns, we propose a robust probabilistic estimation approach predicated on representations of the object model and the
target image using a kernel density estimate. These
representations are then matched in the space of density functions using a correlation measure, termed the
Kernel Density Correlation (KDC) measure. A popular metric which has been widely used by previous
image registration approaches is the Mutual Information (MI) metric. We compare the proposed KDC metric with the MI metric to highlight its better robustness
to occlusions and random background clutter—this is a
consequence of the fact that the KDC measure forms a
re-descending M-estimator. Another advantage of the
proposed metric is that the registration problem can be
efﬁciently solved using a variational optimization algorithm. We show that this algorithm is an iteratively
reweighted least squares (IRLS) algorithm and prove
its convergence properties. The efﬁcacy of the proposed
algorithm is demonstrated by its application on standard stereo registration data-sets and real tracking sequences.

1. Introduction
Image registration is the process of establishing correspondence between a given object in one image and its
transformed instances in other images. The transformation between images might be local (registration of
deformable objects, stereoscopic images etc.) or global
(image alignment, pose estimation etc.). This transformation is usually modeled with two components: affine
transformation of the shape and location of the object,
and transformation of its features (e.g. color, intensity etc). Automatic image registration is important
for several vision tasks including tracking [1, 2], structure from motion estimation, optical flow and stereop-

sis [3, 4], pose estimation and gesture recognition [5, 6]
and searching image databases [7, 8] among others.
Difficulties in accurate registration arise due to the
presence of occlusions, background clutter and imaging
noise. There are two main classes of approaches that
have been proposed to address these concerns. The first
uses statistical models for the background clutter, occlusions and noise [9, 10] and applies an ML/MAP estimation framework for registration. The problem with
these approaches is that, in several applications, it is
not possible to have good models for these phenomena. For example, in tracking, an object often passes
through diverse background phenomena and it is not a
realistic expectation to have a priori models for them.
Similarly, in content-based image retrieval (CBIR), the
object of interest might occur in multiple images, with
backgrounds which are too diverse to be modeled meaningfully.
To circumvent these problems, a second class of
approaches uses robust formulations for registration.
These approaches are predicated on robust features
which are invariant to certain transformations (for example, [11, 12]), and use cost functions (e.g. [13, 14])
for registration that are robust to occlusions and clutter without statistically modeling these phenomena.
The main advantage of these schemes is that they are
not predicated on the a priori knowledge of complex phenomena like occlusions and background clutter. The proposed formulation belongs to this class of
approaches.
The main contributions of the present paper are as
follows: Firstly, we propose a novel probabilistic formulation for robust registration, based on the use of the
Kernel Density Correlation (KDC) metric. We demonstrate that the proposed formulation yields better results
than the current state-of-the-art. We use statistical simulations to show that our registration metric is more robust to occlusions than the widely popular Mutual Information (MI) metric. This is tied to the property that the
KDC metric forms a redescending M-estimator. Secondly, we propose a variational approach to solve the
resultant optimization problem. This leads to an itera-
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tively reweighted least squares (IRLS) algorithm. We
also prove the convergence of this algorithm. Finally,
we use the KDC metric and the variational optimization framework to propose new estimation algorithms
for stereo registration and object tracking. We compare our stereo registration results with those achieved
by belief-propagation on standard data-sets with known
ground truth disparity maps. We also present results for
tracking objects in the presence of occlusions and noise.
In Section 2, we propose the KDC metric for image
registration which is based on correlating the reference
object and the target image in the domain of probability
density functions (pdf). We demonstrate that this metric is robust to occlusions and background clutter. In
Section 3, a generic registration problem for non-rigid
object motion is formulated as an energy minimization
framework with an MRF smoothness constraint on the
deformation map. Then, in Section 4, we present an
optimization algorithm using variational bounds on the
energy functional. We also prove convergence of the
proposed algorithm under mild conditions that are easily met. In Section 5.1, we present results for stereo
registration of standard test data sets and compare our
results with the state-of-the-art available in the literature. In Section 5.2, we present results on tracking of
objects in the presence of occlusions and noise.

2.

Registration using Empirical
Density Estimation

In this section, we propose a framework that addresses
the requirements of a robust formulation for the registration problem. Let I = {Il , Ir } denote a pair of images, where Il ∈ Snl and Ir ∈ Snr are the reference
(template) and target images, of sizes nl and nr , and
taking values from the set S, respectively. For stereo
registration, the images are also referred to as left and
right images. Note that in general, nl = nr . For example, for object registration, Il may just be the object template while Ir is a larger target image in which
the object is sought to be registered. A common approach to registration is to estimate the mapping function, D : Nl → Nr , which maps the reference template
into the target image such that the template and the samples corresponding to the transformed template in the
target image are statistically similar. The sets Nl and
Nr represent the lattice indices of the two images.
A key requirement is that the registration framework
be robust to outliers. This requirement arises from two
sources—partial occlusion of the reference template,
and, the presence of background clutter. The most commonly used registration metric is the mean squared error (MSE) metric, which naturally arises in the maxi-

mum likelihood (ML) formulation if the difference in
the registered images is modeled using an i.i.d. Gaussian noise process and there are no occlusions and background clutter. However, this difference (due to imaging noise, occlusions and background clutter) is often
non-Gaussian and sometimes, even unknown.
In such cases, it may be desirable to empirically estimate the probability distributions of the two images
from the given data and match the two density estimates. Thus, for the correct map D, the two sets of samples representing the left and right images, respectively,
are statistically similar. Now we formalize this notion:
.
We consider the two sample sets, Sl = {(I(i),
 D(i)) :
.
i ∈ Nl } and Sr = {(I(j), j) : j ∈ Nr {D(i), i ∈
Nl }}, as two independently generated samples from the
same random source Z. The physical explanation of this
assumption is that the same underlying physical phenomena (conceptualized as a random source)—lighting,
3D structure of the imaged scene and camera configuration (accounted for by the disparity map), surface reflectances, sensor noise etc., produce the two sample
sets. A simple way of estimating densities is by using
kernel density estimators.
Deﬁnition 2.1 (Kernel density estimator). Let Z be
.
a d-dimensional random variable and let S = {zi }ni=1
be a set of independent observations drawn from the
distribution of Z, denoted by the pdf fZ (z). Then, the
kernel estimator of fZ (z), given the set S is,
n
1 
K0 (H −1 [z − zi ])
(1)
fˆZ (z|Sz ) =
n|H| i=1
where H is a positive deﬁnite d × d bandwidth matrix and K0 : Rd → R is a kernel
such that it is

K
non-negative,
has
a
unit
area
(
0 (z) dz = 1),
Rd

zero
mean
(
zK
(z)
dz
=
0),
and
unit
covariance
0
Rd

( Rd zz T K0 (z) dz = Id ).
For grayscale images, Z is a 3D random vector defined over a 1D intensity domain and a 2D spatial domain (i.e., S ⊂ Rd , d = 3). A consequence of this
definition is that images are defined on a continuous
domain and not a discrete lattice1 . There are several
measures that can be used for the task of density matching: mutual information (MI) [14], Jensen-Renyi divergence [15], Bhattacharya coefficient [2] etc. However,
we propose to use correlation of the density estimates
for two reasons: (1) The resultant optimization problem
is easy to solve. In [2], Comaniciu and Meer have used
the Bhattacharya coefficient for tracking. However, for
1 Theoretically, this assumption increases the MSE for the density
estimates. However, this is not much of a drawback as we see in the
experiments section. On the other hand, it allows for a faster and
easily implementable continuous-domain optimization framework.
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computational tractability, they solve an approximation
to their formulation; (2) The resulting estimator is a redescending M-estimator. M-estimators have been studied for a long time and their properties are well understood. In particular, several authors have demonstrated
the robustness of M-estimators for a variety of problems
(for example, refer to [16]). Consequently, we present
a new measure which we call kernel density correlation
(KDC).
Deﬁnition 2.2 (Kernel density correlation (KDC)).
Let Sl and Sr be two sets of independent realizations
of a random variable Z. Let K = K0  K0 where
 denotes convolution. The kernel density correlation
metric between the two density estimates fˆZ (z|Sl ) and
fˆZ (z|Sr ), computed as in Deﬁnition 2.1, is given by,

KDC(Sl , Sr ) = fˆZ (z|Sl )fˆZ (z|Sr )d z
z

1
=
|Sl ||Sr ||H|2



K(H −1 (yj − xi ))(2)

(xi ,yj )∈Sl ×Sr

The goodness of the match can thus be quantified
in terms of KDC(Sl , Sr ). We can now redefine2 D :
.
Nl → R2 and Sr = {(I(j), j) : j ∈ Nr }.

2.1. Statistical Analysis
In this section, we present the statistical analysis of the
proposed KDC measure. For this purpose, we consider
the translation of a 1D signal in the presence of occlusion and additive noise. Figure 1(a) shows the given 1D
object template. Figure 1(b) shows an instance of the
target image generated by altering the middle segment
of the template (to simulate occlusion), adding noise
(white Gaussian noise with mean 0 and standard deviation 10 in the figure), and then shifting the pattern five
pixels to the right. Presently, the task of registration involves estimating the mapping function D which represents the translation of the given template. The ground.
truth mapping function is given by D(i) = i + 5.
We compare the performance of the proposed measure with (1) sample correlation (SC), and, (2) mutual
information (MI) measures. It is well known that under additive white Gaussian noise (AWGN), SC is the
minimum variance unbiased estimator (MVUE). However, SC is sensitive to outliers, and, hence, several robust estimators have been proposed including joint entropy, MI, and robust correlation. We compare our results with MI as it is a standard measure used for robust estimation and it is similarly defined in the space
of probability functions. In Figure 1(c), we show the
2 Note that this does not induce any problems as the bandwidth
matrix H can be appropriately selected for matching continuous densities or discrete point sets (by letting each element of H go to zero).

response of KDC, MI, and SC measures for the given
object template and noisy target image. For this particular example, the KDC and SC measures yield the
correct translation estimate, while MI does not.
Table 1: Registration estimates (x-shift) using KDC, MI, and
sample correlation measure. Ground-truth value for x-shift is
5. At each σn , 200 experiments are carried out to estimate the
mean µ and the variance σ of the estimator.

σn
5
10
15

KDC
µ
σ
5.11 0.16
5.05 0.34
5.06 0.50

MI
µ
6.99
6.42
6.32

σ
1.16
2.44
2.62

Correlation
µ
σ
5.00 0.00
5.01 0.17
4.98 0.25

(a) AWGN noise (mean 0, standard deviation σn )

σn
1
2
3

KDC
µ
σ
5.09 0.17
5.06 0.24
5.10 0.30

MI
µ
6.82
5.72
5.53

σ
1.65
2.38
2.43

Correlation
µ
σ
5.00
0.00
7.02 23.96
8.67 57.05

(b) Additive, i.i.d. standard log-Normal noise
(shape parameter σn )

Next, we present the response of these measures to
i.i.d. Gaussian noise and to i.i.d. standard log-normal
noise in Table 1. For the purpose of estimating densities, we use a spatial bandwidth of 5 and an intensity
bandwidth of 10 for all experiments. At each variance
level, we conduct 200 experiments to calculate the mean
and standard deviations of the estimated shifts given by
each measure. Table 1(a) shows that sample correlation
performs the best for the Gaussian noise case— it has
the least bias and variance among the three estimators.
This is not surprising as it is the MVUE for such a case.
The point to note is that KDC gives better results than
MI and thus, is more robust to occlusions (even in the
presence of noise). In Table 1(b) we show the response
of these measures to heavy tailed noise (used to simulate background clutter). Note that the proposed KDC
measure yields the best performance, both in terms of
bias and variance. Even in the case of very large noise
contamination, the bias and the variance are comparatively small for the KDC measure. This experiment
validates the relative robustness of the KDC measure to
noise, occlusions as well as random background clutter.

3. Non-Rigid Registration as Energy Minimization
In Section 2.1, we considered a linear map D for statistical analysis. This corresponded to a rigid-body

Proceedings of the 2004 IEEE Computer Society Conference on Computer Vision and Pattern Recognition Workshops (CVPRW’04)
1063-6919/04 $ 20.00 IEEE

200

200

2000

180

180

1800

160

1600

140

1400

120

1200

100

1000

80

800

60

600

40

400

40

20

200

20

0

160

Kernel Density Correlation
Mutual Information
Sample Correlation

140

120

100

80

60

0

50

100

150

200

250

0

50

100

(a)

150

200

250

0
−20

−15

(b)

−10

−5

0

5

10

15

20

(c)

Figure 1: Comparison of registration performances of KDC, MI and SC measures. (a) 1D object template. (b) Target data
realization with additive gaussian noise. Ground-truth registration is a shift of ﬁve pixels in the x-direction. Note the difference in
the middle segment of the two waveforms, used to simulate occlusion. (c) Responses of KDC (solid curve), MI (dashed curve), and
SC (dash-dot curve). The estimated shift is given by the response maxima. Note that KDC and SC yield correct estimates, while MI
does not.
transformation— a translation, for the example considered. In general, the mapping function D can define a nonlinear warping function on the reference template and thus represent a non-rigid transformation of
the given template. Given the reference and the target
images, the non-rigid matching problem is to seek the
mapping D which minimizes an appropriate cost function typically defined in terms of the difference between
the target image and the warped reference image. The
matching problem defined only in terms of this difference is known to be ill-posed. The reason for this is
that the intensity for most pixels in the reference image would match the intensity of more than one pixel in
the target image. Thus, a regularization criterion is required which is usually expressed in terms of a smoothness prior on the mapping function D [17, 18].
One common approach is to pose the registration
problem in terms of an energy functional [17, 18] where
the solution is conceived as a minimizer of the energy
functional. The functional has two additive terms: the
data term, Edata , representing the intensity mismatch
between the two images given a map D, and the smoothness term, Esmooth , representing the roughness of the
map D. Thus, the energy functional may be defined as,
E(D|Sl , Sr ) = Edata (Sl , Sr |D) + Esmooth (D)

(3)

It is important to note the relation of the above formulation to the Bayesian estimation framework. In
Bayesian estimation, the energy functional represents
the negative logarithm of the a posteriori probability P (D|Sl , Sr ) while the data and smoothness terms
represent the negative logarithm of the probabilities
P (Sl , Sr |D) and P (D) respectively. Thus, the energy
formulation subsumes the Bayesian framework.
We propose to use the KDC metric as the data term.

Hence, we define
.
Edata (Sl , Sr |D) = κ − KDC(Sl , Sr )

(4)

for some constant κ. This term measures the discrepancy associated with the observations, given the model
(disparity estimate). A popular smoothness measure
used to regularize the matching problem is obtained
from an MRF prior for the map D. If the Gibbs energy formulation for the MRF prior is used and Esmooth
is defined via the negative logarithm of the MRF prior,
we get,

.
Esmooth = α0
ρ(D(i) − D(j))
(5)
i,j∈N

where N is an appropriately defined neighborhood on
the lattice, Nl , corresponding to the reference image.
We define N so that horizontally or vertically adjacent pixels in the source image are considered neighbors and use a redescending M-estimator to define
ρ(t) = 1 − exp(−t2 /σd2 ). This choice for the smoothness constraint implies that small discontinuities are
smoothed out while large ones are tolerated, and hence
the prior knowledge that the objects have smooth surface but large discontinuities can occur between objects. The parameter α0 controls the relative weighting
of the smoothness term and the goodness of the statistical match (the KDC term). The bandwidth parameter
σd controls the saturation behavior of the M-estimator.

4. Variational Optimization Algorithm
The solution to the non-rigid registration problem is obtained by minimizing the energy functional in (3). The
resultant nonlinear optimization problem is solved using an efficient, novel minimization formulation based
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on variational upper bounds. We present this solution
strategy in the present section.
The approach is based on the inequality g(x) ≥
g(x0 ) + g  (x0 )(x − x0 ) for any convex function g(x).
The computational efficiency is based on the following
two facts: (1) We always go in the direction of the gradient; and, (2) The step-size in the gradient direction is
automatically computed and is guaranteed to decrease
the energy functional. At each gradient descent step, the
above inequality yields a quadratic upper bound which
needs to be minimized. Thus, the variational approach
yields an iteratively re-weighted least squares (IRLS)
solution to the minimization problem.
We choose the bandwidth matrix in Definition (2.2)
to be diagonal, i.e., H = diag(σI2 , σs2 , σs2 ) and the functions K(·) and ρ(·) to be proportional to exp(− · 2 ).
Then, using the convexity inequality, it can be shown
that for any given estimate Dk , the energy functional is
bounded above as follows:
E(D|Sl , Sr ) ≤ E(Dk |Sl , Sr ) + Q(D|Dk )



i∈Nl ,j∈Nr

D(i) − j2 + α



d
wi,j
(Dk )×

Figure 3: The rectiﬁed, gray-scale venus stereo pair.

(6)

such that,


.
Q(D|Dk ) = c1 + c2 × 

Figure 2: The rectiﬁed, gray-scale map stereo pair.

(7)


s
wi,j
(Dk )D(i) − D(j)2 

i,j∈Nl
d
where data weights, wi,j
(Dk ) = exp(−I(i) −
2
2
2
I(j) /σI −D(i)−j /σs2 ), and smoothness weights,
s
wi,j
(Dk ) = exp(−D(i) − D(j)2 /σd2 ), can be easily
derived. The constants c1 and c2 are inconsequential to
the optimization process. The constant α can be computed in terms of α0 , σs and σd . The next estimate of
the mapping function is defined to be,
.
(8)
Dk+1 = argmin Q(D|Dk )
D

Equation (8) requires minimizing a quadratic function
by solving a set of linear equations. It is easy to check
that such a system of equations is sparse: The smoothness term in the energy functional is a sum of functions
involving differences of neighboring (horizontal and
vertical) disparities. Each linear equation is derived by
differentiating Q(D|Dk ) with respect to D(i), i ∈ Nl .
Thus, each equation would involve at most five unknown terms: the mappings of the pixel i, its two horizontal and two vertical neighbors. This sparse system
of equations at each iteration is solved for the mapping
D using a stabilized, bi-conjugate gradient method [19].
The theorem below shows that the iterative algorithm
given by (7) and (8) is convergent.

Theorem 4.1. Let K(·) be separable in
the intensity and spatial subspaces,
i.e.,
.
zs 2
zI
−1
If Ks
K(H z) = KI (− σI )Ks (− σ2 ).
s
is convex and non-decreasing, then the se.
=
{E(Dk |Sl , Sr )}k=1,2,... and
quences SE
.
SD = {Dk }k=1,2,... deﬁned according to (8), are
convergent. The sequences converge to a local minimum of E(D|Sl , Sr ) as deﬁned in equations (3), (4)
and (5).
Proof. See Appendix for the proof.

5. Applications
In Section 2, we demonstrated, using empirical statistical analysis, the robustness of the KDC measure to occlusions and outliers. In Section 3 and Section 4, we
proposed a new algorithm to match two instances of the
same object, when these instances are related by a nonrigid transformation D. This algorithm uses the KDC
metric in a variational energy minimization framework.
In this section, we take two computer vision applications, stereo registration and object tracking, to test the
efficacy of the proposed algorithm.

5.1. Stereo Registration
In the stereo registration problem, images Il and Ir respectively represent the left and right images of a stereoscopic pair. The mapping function D represents the disparity function defined on the left image. The objective
of the stereo registration problem is to estimate the disparity map D. Note that in our formulation, D can take
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Table 2: Stereo: Quantitative comparison.
B(%) BO (%) MOC
Venus Proposed
5.55
2.24
0.056
Venus Belief Prop. 6.19
2.95
0.128
Map Proposed
5.38
0.40
0.026
Map Belief Prop.
6.63
0.20
0.155
(a)

(d)

(b)

(e)

(c)

(f)

Figure 4: Disparity maps for venus ((a)-(c)) and map ((d)(f)) stereo pair. (a),(d): Ground-truth. (b),(e): Proposed algorithm. (c),(f): Belief propagation.
continuous values and hence, we do not require interpolation for sub-pixel accuracy.
We use the rectified gray-scale venus and map stereo
pairs to evaluate the performance of the proposed formulation. The stereo pairs have known sub-pixel disparity ground truth data, and known occlusion regions
[20]. Fig. 2 shows the map stereo pair, and Fig. 3 shows
the venus stereo pair. In each case the disparity map is
estimated using the left image as the reference image.
We use the following metrics to quantitatively evalu}
ate algorithm performance, where DKML = {dKML
i
denotes the estimated disparity map, and DGT =
{dGT
i } denotes the ground-truth: (1) B, the fraction
of pixels for which |dGT
− dKML
| > 1, (2) BO , the
i
i
fraction of pixels in non-occluded regions, for which
− dKML
| > 1, and (3) MOC , the mean-squared
|dGT
i
i
disparity error for non-occluded pixels which addition− dKML
| ≤ 1. The first two metally satisfy |dGT
i
i
rics quantify the fraction of pixels with significant disparity error, and do not penalize disparity errors which
are solely due to discretization. The third metric incor-

porates the effect of discretization by quantifying the
mean-squared disparity error. The performance of the
proposed algorithm is compared to that of a state-ofthe-art Potts model based MRF formulation [21], which
uses belief propagation for inference. The first two error metrics are used for comparison since they do not
penalize discrete disparity values which the algorithm
in [21] outputs.
The results obtained for the venus stereo pair are
shown in Figures 4(a)-(c). Figure 4(a) shows the true
disparity map, Figure 4(b) the disparity map produced
by the proposed algorithm, and 4(c) the disparity map
produced by the belief propagation algorithm. As can
be seen, unlike the belief propagation algorithm, the
proposed algorithm produces a smooth, non-discretized
disparity map. 4(d)-(f) shows similar results for the map
stereo pair.
Table 5.1 quantitatively compares the performance
of the two algorithms, using the metrics described
above. For the venus stereo pair, the metrics B and
BO , which do not penalize discrete-valued estimates,
are comparable for the two algorithms. The meansquared disparity error MOC is significantly lower for
the proposed algorithm. Similar results are obtained for
the map pair—MOC is again significantly lower for the
proposed algorithm, as compared to the belief propagation algorithm.

5.2. Object Tracking
The second application we consider is that of object
tracking in image sequences. In this case, an object
in the current frame needs to be registered in the next
frame. This problem is simpler than stereo registration due to small transformations between consecutive
frames. However, the challenge is to accurately segment the object in each frame to iteratively update the
object mask. This is imperative since, otherwise, appearance changes accrue over time and the tracker is
eventually thrown off.
For the problem of object tracking, let the object
transformation from the current frame to the next be
modeled by TΘ that defines an affine transformation in
the joint intensity and spatial domains. The following
are the steps of our algorithm (given the object samples
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in the current frame, denoted by SX ), (1) Estimate TΘ ,
the transformation parameters, using the algorithm in
Section 4. This gives an estimate of the set of transformed object samples from the current frame, denoted
by STΘ̂ X . (2) Using a Parzen Window estimate, fˆX (·),
segment pixels in the current frame in a window around
the transformed object. Update SX using the obtained
segment.
The first step of our algorithm gives us the position
of the object in the next frame and an estimate of the
set of transformed object samples STΘ̂ X . However, due
to out of plane rotation and occlusions and the fact that
the photometric properties of the object changes over
time, the new object template (the set of object pixels
in the current frame) is not adequately represented by
STΘ̂ X . To further refine the object template in step (2),
we extract the subset of samples from the next frame
based on the set STΘ̂ X .

(a)

(e)

(b)

(f)

(c)

(g)

(d)

(h)

Figure 5: Results for the marker sequence. Frames of tracked
marker with and without an occluding grill are shown respectively: Frame 146 in (a) and (e); Frame 160 in (b) and (f);
Frame 176 in (c) and (g); and, Frame 190 in (d) and (h). We
show overlayed blue boundaries denoting the tracked object
and estimated orientation with a blue arrow.
Given the object size, shape, its distance from the

(a)

(b)

(d)

(c)

(e)

Figure 6: Results for the car sequence. Tracked car in (a)
Frame 160, (b) Frame 180, (c) Frame 200, (d) Frame 220
and (e) Frame 240. We show overlayed boundaries denoting
the tracked object. Pixels within the blue boundary denote the
set of updated object samples.
camera and its motion, the object template changes its
shape and size in the current frame in a bounded fashion (say, a maximum of ∆s pixels around the current
boundaries)3. Based on ∆s and TΘ̂ , we estimate the set
of pixels, S  , in the current frame that the object is constrained to lie in. Using the Parzen Window estimate of
the pdf corresponding to all image pixels in the current
frame, we can assign pixels belonging to S  to either
object or background modes4 using the Mean Shift algorithm [22] on back-projected pixels from the set S 
via the inverse transform TΘ−1 . Thus, for each pixel, y 
in S  in the next frame, the starting point for Mean-Shift
is TΘ−1 y  in the current frame. The pixels assigned to the
foreground, thus, comprise the new object template.
We now present results on three real sequences. The
first two sequences, called Marker sequences, are indoor sequences that we generated in our lab. We use
these sequences to validate the first step of our algorithm. Since there are no size changes (an almost-flat
object with motion approximately perpendicular to the
optical axis), we do not need to update the mask. We
present the results in Figure 5. Figures 5 (e)-(h) shows
the same frames as in Figures 5 (a)-(d) of a second sequence when a grill occludes part of the object in the
initial frames. Thus the set SX in the first frame, in Figure 5(e), contains pixels belonging to the grill. Results
in the two rows are identical—exhibiting robustness to
the phenomenon of partial occlusion of the given ob3 We do not address the automatic calculation of ∆ and take it as
s
a user-input parameter to our algorithm.
4 These are already available since the object is already segmented
in the current frame
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ject template and the object in the target frames. Another challenge in this sequence was spatially varying
illumination which resulted in the intensities of pixels
belonging to the object changed by as much as 25 gray
levels. However, our framework was able to track these
changes.
In Figure 6, we show results on another sequence,
called the Traffic sequence. This result depicts all the
vagaries of tracking in uncontrolled, outdoor environments. It shows a traffic sequence taken from a still
camera under moderate precipitation. Thus, there is appreciable noise in the sequence. We track a white car
(marked out in Figure 6(a)) coming towards the camera
through 80 frames. Comparing frames 160 and 240 as
shown in Figures 6(a) and (e) respectively, one can see
that there is an appreciable change in the size (almost
double in area) of the car. It is also clear that there is
an appreciable change in the appearance of the tracked
car. This requires us to update the set of object pixels (object template) through the sequence. The results
validate that the algorithm successfully tracks the car
in presence of noise and appearance changes (including
change in size).

Appendix
Proof of Theorem 4.1. We rewrite (7) as,
.
(9)
Q(D|Dk )/c2 =

d
2
2
wi,j (Dk )(D(i) − j − Dk (i) − j ) +
i∈Nl ,j∈Nr

α×



s
wi,j
(Dk )(D(i) − D(j)2 − Dk (i) −

i,j∈Nl

Dk (j)2 )
d
where the weights wi,j
(Dk ) for an exponential kernel are given in Section 4 after Equation (7). For
a general kernel, meeting the requirements of Thed
orem 4.1, the weights are given by wi,j
(Dk ) =
2

KI (− σzII )Ks (− zσs2 ).
s

For any l ∈ Nl , let lN , lS , lE , lW be the north, south,
east and west neighbors of l respectively. Then, we construct an nl × nl matrix A and a vector b with the following entries,

d
s
wl,j
(Dk )) + α wl,l
Ak (l, l) = (
N (Dk )+
j∈Nr
s
s
s
wl,l
S (Dk ) + wl,lW (Dk ) + wl,lE (Dk )

6. Conclusions
In this paper, we presented a novel approach to object
registration. The first key idea developed was to construct an estimate of the pdf for the object and the target image. We then proposed correlation of the density estimates as a registration measure and illustrated
its robustness to occlusions and background clutter. We
also proposed an energy cost functional, using the above
measure, for non-rigid registration. We developed a
variational optimization framework for this cost function and proved its convergence. This cost function
was then used for registration of stereoscopic images.
We implemented the algorithm on standard test images
and compared them with the belief propagation algorithm. Both quantitative comparison and visual inspection show the efficacy of the proposed method. We also
proposed an algorithm for tracking and showed its performance on real sequences with occlusions and noise.
Note that the tracking algorithm is able to estimate rotations as well as handle occlusions, noise and changes in
the object size. It further extracts the segmented object
from the video stream.
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Ak (l, m) =
bk (l) =

s
−αwl,m
(Dk )
if m ∈ the neighborhood of l else 0

d
jwl,j
(Dk )
(10)
j∈Nr

Then, we can rewrite (9) as,
Q(D|Dk )/c2

(D − Dk )T Ak (D − Dk ) +

=

2(D − Dk )T (Ak Dk − bk ) (11)
Thus, from (8) and (11), we get,
Ak Dk+1 = bk

(12)

For this choice of Dk+1 ,
Q(Dk+1 |Dk ) = −c2 (Dk+1 − Dk )T Ak (Dk+1 − Dk )
≤0
(13)
Note that Ak ’s are positive-definite matrices since they
are strictly diagonally-dominant with positive diagonal
entries. Also, the constant c2 is positive. This implies that the sequence SE is non-increasing. Since SE
is also bounded from below, it is convergent. Therefore, Q(Dk+1 |Dk ) → 0. Since Q(D|Dk ) is a variational upper-bound, it is also easy to see that ∇D Ek =
2(Ak Dk − bk ). Thus, we can rewrite (13) as,
Q(Dk+1 |Dk ) =

c2
T
2 (Dk+1 − Dk ) ∇D Ek
2
= c22 A−1
k ∇D Ek  ≤ 0
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(14)

Thus, the step taken in each iteration has a negative projection to the gradient and the gradient goes to 0. Hence,
SE goes to a local minimum of E(D|Sl , Sr ).
Convergence of SD : Positive definiteness of Ak im.
plies δDk = Dk+1 − Dk → 0. Let the sequence
SD have an isolated limit point D∗ . Since δDk → 0,
given small enough r, , 0 < r < r +  and open
balls B(D∗ , r), B(D∗ , r + ), there exists an index K1
such that for all k > K1 , δDk  < , D∗ is the only
.
limit point in B(D∗ , r + ) and the set U = {D|D ∈
B(D∗ , r + ) ∩ B c (D∗ , r), D ∈ S} is non-empty. U
has finite items, let their minimum value be mU . Further, as SE is non-increasing, there exists an index K2
such that for all k > K2 , E(Dk |Sl , Sr ) < mU . We
define K = max(K1 , K2 ). Then, for any k > K,
Dk ∈ B(D∗ , r) ⇒ Dk+1 ∈ B(D∗ , r) since B(D∗ , r) ∪
/ U . Hence,
B(Dk , δDk ) ⊂ B(D∗ , r + ) and Dk+1 ∈
D∗ is a point of local minimum for E(D|Sl , Sr ).
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