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Abstract

.This paper has been prompted by observations of
some anomalies in the performance of the standard
imaging models (pin-hole, thin-lens and Gaussian thick-
lens), in the context of composing omnifocus images and
estimating depth maps from a sequence of images. A
closer examination of the models revealed that they as-
sume a position of the aperture that conflicts with the
designs of many available lenses. We have shown in
this paper that the imaging geometry and photometric
properties of an image are significantly influenced by
the position of the aperture. This is confirmed by the
discrepancies between observed mappings and those pre-
dicted by the models. We have therefore concluded that
the current imaging models do not adequately represent
practical imaging systems. We have proposed a new
imaging model which overcomes these deficiencies and
have given the associated mappings. The impact of this
model on some common imaging scenarios is described,
along with experimental verification of the better perfor-
mance of the model on three real lenses.

1. Introduction

This paper has been prompted by observations of
some anomalies in the performance of the standard
models of image formation. Imaging models describe
geometric and photometric mappings between a scene
and its image on a sensor. The three imaging mod-
els commonly used in computer vision are the pin-hole,
thin-lens and the Gaussian thick-lens models. We re-
cently investigated these models in the context of com-
posing omnifocus images and estimating depth maps
from a sequence of images. These processes involved se-
lection of pixels from different images and their compi-
lation into new images; they thus intensely exercised the
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models’ abilities to predict imaging parameters, and re-
vealed the inadequacies of all three models to correctly
predict the geometric and photometric mappings. We
have since developed an alternate model that overcomes
these deficiencies and is the subject of this paper.’

We first briefly review the three imaging models be-
fore presenting their deficiencies. The pin-hole model
represents an imaging system by a point aperture placed
between the scene and the sensor, and the image loca-
tion of a scene point is given by the intersection of sen-
sor plane with the line joining the scene point and the
point aperture. This simple model is parameterized by
the distance v of the location of the aperture from the
sensor.

The thin-lens model is an improvement over the pin-
hole model. It represents an imaging system in terms
of an ideal thin lens with finite aperture. This model
is parameterized by the focal length F' of the lens, and
the distance v of the lens center C from the sensor.
The thin-lens model has the same geometric mapping
as the pin-hole model, but it also attempts to capture
photometric effects including sharpness of the acquired
image and light accumulation over a finite aperture that
are unaccounted for in the pin-hole model.

An imaging lens typically is not a single lens, but &
combination of multiple lenses having finite thickness,
and a Gaussian thick-lens model [5, 7] has been pro-
posed in literature for this case. This model represents
a lens by two equivalent refracting surfaces called prin-
cipal planes. The sensor position v in this model is
measured with respect to one of the principal planes
and the object distance u is measured with respect to
the other.

We briefly describe the experiment in which the ob-
served mappings between the scene and its images were
found to be in conflict with the traditional models. The
experiment was in the context of composing omnifocus
images [2] and estimating depth map from multiple im-
ages acquired at different positions of the sensor [3, 8].
According to the three models, if the sensor is shifted
by dv, the parameter v (Upey) Of the new configura-
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tion is given by vpe, = v + dv, since the lens itself is
unaltered. Thus, the magnification between the two po-
sitions is given by ﬂ—*—‘fi. In spite of precise calibration
" and precise knowledge of §v’s, the observed magnifica-
tion values were quite different from those computed
using the models. The unexplained result of this exper-
iment led us to closely examine the three models and
various assumptions made by them.

We have concluded that the aforementioned discrep-
ancies were in part due to shortcomings in the tradi-
tional models of image formation. This paper describes
these shortcomings and proposes an alternative model.
We show that the Gaussian thick-lens and the simpler
models do not realistically account for the effect of the
aperture on the imaging process. It assumes a posi-
tion of the aperture that simplifies the model but con-
flicts with the designs of many available lenses. From
the imaging geometry it is clear that the position of
the aperture plays a significant role in determining the
geometric and photometric mapping performed by the
lens. For instance, it is well known that if the aperture
is relocated to the front focal plane the camera becomes
telecentric, while the Gaussian model for the new con-
figuration is unchanged. Therefore, the assumptions
related to the aperture have a direct impact on the va-
lidity of the traditional imaging models. We propose a
new imaging model for isotropic lenses that explicitly
involves the dependence on aperture and includes the
Gaussian model as a special case.

Section 2 presents additional relevant aspects of the
Gaussian thick-lens model and qualitatively describes
the impact of the assumption related to the position of
the aperture. Section 3 describes the proposed imaging
model, presents the geometric and photometric map-
pings represented by the model, and illustrates their
significance in common imaging situations. In Section
4, we present two sets of experiments on two fixed fo-
cal length lenses and one zoom lens to compare the
performance of the proposed and the Gaussian models.
Section 5 presents concluding remarks.

2. The Gaussian thick-lens model

Gauss had postulated that any lens can be modeled
using two equivalent refracting planes, called princi-
pal planes. The points of intersections of the principal
planes with the optical axis are called principal points
and are denoted by P; and P,. The focal length F is
defined as the distance between P> and F,, where Fj
refers to the focal point where rays parallel to optical
axis converge after refraction. There are two additional
points N; and NV, called nodal points that characterize
this model. This pair has the property that a paraxial
ray passing through one of them emerges from the other
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at the same slope. For a lens in air, the points N; and
N, coincide with P, and P;.

Let « denote the distance along the optical axis be-
tween a point object and the principal point P;, and v’
denote the perpendicular distance between the focused
image and point P,. Then, it can be shown [7] that
u,v', F satisfy the lens law given by % = 1 + 1. The
distances u and v are said to be conjugate if they satisfy
the lens law.

We briefly describe the geometric and photometric
mappings according to the Gaussian model. Consider
an imaging configuration shown in Fig. 1. We denote
the coordinates of a point object O as (z,, Yo, 2,), With
respect to an orthogonal coordinate system called lens
coordinate system (LCS) located at the first principal
point with z-axis along the optical axis and pointing
towards the sensor. If the sensor is conjugate to the ob-
ject, then the image of object O is a point I'. However,
in general, image I of a point is defocused and appears
as a circularly symmetric blob (assuming circular aper-
ture), whose center according to the Gaussian model
is given by the intersection of ray OP; after refraction
and the sensor. Thus, we refer to the coordinates of
I to be those of its center. We define a image coordi-
nate system ICS located at the principal center (point
of intersection of optical axis with sensor) with x and y
coordinates spanning the sensor plane. Let the distance
between the sensor and the second principal plane be
v, then the coordinates of I are given by

aTo, QYo .
= I
I <Sz '3, ,0) in ICS, where,
v
a = —,
Zo

and S, and Sy are the scale factors along the horizontal
and vertical scanning directions of the sensor.

With regard to the photometric properties, the re-
lationship between the scene radiance and image irra-
diance E has been derived by Horn [6], and is given

by
A
E:L(U—z) cos® w, (1)

where w is the angle made by ray OP; with the optical
axis, A is area of the aperture and L is the radiance of
object O in the direction OP;. The analysis assumes
that the aperture is located at the first principal plane.
Again, as in the case of geometric mapping, the orienta-
tion of the ray O P with respect to the optical axis plays
a central role in determining the photometric properties
of the image of point O.

The geometric and photometric mappings for a thin-
lens also have the same form as those for the Gaus-
sian model, which suggests that the Gaussian and the



simpler models might be related. This is indeed the
case and it can be shown that the Gaussian model re-
duces to a thin-lens model. Qualitatively, the reduc-
tion of the Gaussian model to the simpler models can
be explained as follows. The two principal planes in
the Gaussian model are unit magniﬁcation images of
each other [7], which means every ray that enters the
first principal plane emerges from the other at the same
height. Thus, the Gaussian model can be simplified by
collapsing the second principal plane with the first prin-
cipal plane and measuring all distances with respect to
the joint planes. Both the Gaussian model with col-
lapsed principal planes and, the thin-lens model follow
the same lens law, and for a lens in air, a ray through
P; emerges through P, with the same slope. This im-
plies that the geometric and photometric mapping rep-
resented by the Gaussian model can be equivalently
modeled with a thin lens placed at the first principal
plane and the sensor at a distance v from the thin-lens.
Further, since a thin-lens model is geometrically equiv-
alent to a pin-hole model with a thin-lens replaced by
a pin-hole aperture, Gaussian model is geometrically
equivalent to a pin-hole model as well.
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Figure 1. Imaging geometry for Gaussian model.

2.1. Assumption about the aperture in Gaussian
model

In the previous section, we had noted that within the
Gaussian model the geometric and photometric map-
pings between an object point O and its image are de-
termined by the ray OP;. The strong dependence on
the first principal point results from an implicit assump-
tion that the effect of aperture (position and size) in a
lens system can be modeled by an equivalent aperture
located at the first principal plane [6]. In this section,
we will first explain why this assumption is not valid for
real lenses, and then demonstrate the influence of aper-
ture location on the geometric and photometric map-
ping in an imaging system which is unaccounted for in
the Gaussian model.

In an imaging system, the cone of light rays from an
object point which is eventually refracted to the sensor
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is determined by the shape, size and the location of
the aperture. If the aperture is outside the lens (as in
Fig. 3), this cone of light can be readily determined.
However, in most lenses(Fig. 2), the physical aperture
is between the multiple lens elements and the incident
cone of light rays reaches the aperture after multiple
refractions through the set of lens elements between the
object and aperture. The incident cone of light can
then be seen as constrained by an equivalent aperture
on the object side. This equivalent aperture as seen
by all objects is given by the conjugate image of the
physical aperture through the lens elements between the
physical aperture and the scene, and is called entrance
pupil [7]. Similarly, ezit pupil is defined as the image of
the physical aperture formed by the lens elements on the
image side [7]. The cone of light rays received at every
sensor element thus appears to come from the exit pupil,
in the same manner as all incident light rays intercepted
by the lens appear to originate at the entrance pupil.

Contrary to the assumption made by the Gaussian
model, the entrance pupil (which may be considered as
the equivalent aperture used in the Gaussian model)
does not necessarily coincide with the first principal
plane. For instance, if the physical aperture is in front
of the lens, the entrance pupil coincides with the phys-
ical aperture irrespective of the lens or the distance of
the aperture from the lens. However, in most lenses,
the aperture is located between lens elements. The dis-
placement between the entrance pupil and first princi-
pal plane for seven such lenses is tabulated in Table 1.
The parameters were obtained using a calibration tech-
nique whose description has been omitted for the lack
of space. In fact, the displacement is non-zero for most
of the CCTV lenses from Tamron, Cosmicar, Fujinon,
Navitar and JML Optical that we have experimented
with. We next examine the influence of such a dis-
placement on the imaging process.



Lens Eﬁ Eb lﬁ 11}% a
23FM16 | 26.03 44.53 15.70 16.28 10.33
23FM25 | 7.87 19.59 14.88 25.00 -6.91
C31630 | 30.34 44.37 20.05 16.20 10.29
C22525 | 30.27 30.81 25.59 25.00 5.21
DO1614 | 25.53 65.28 13.45 16.00 12.07
DO2514 | 2743 - 16.68 3991 25.00 -12.48
V18x6 121.53 430 104.28 18 17.25
V18x6 15.53 430 -43.07 70 58.60

Table 1. Model parameters of some commercially
available lenses. All distances are in mm and are
with respect to the focal point.

2.2, Im'pact of incorrect modeling of aperture in
Gaussian model ’

Consider an imaging configuration shown in Fig. 3.
It shows a lens system represented as a thin-lens ob-
tained by collapsing the two principal planes and a
physical aperture at a non-zero distance from the lens.
Let O be a point object in the object plane and a sen-
sor at a position which in general is not conjugate to
the object. In this case, the rays from an object point
O converge ahead of the sensor and then intercept the
sensor over a finite non-zero area. Therefore, depending
on the shape and location of the aperture, the object
O illuminates different sub-regions of the sensor. Con-
sequently, both geometric and photometric properties
of the image depend on aperture shape and position
and cannot be correctly modeled by an equivalent aper-
ture placed at the lens center. In fact, if the aperture
were placed at the front focal plane, the imaging sys-
tem would be telecentric [7, 11], and as a result image
magnification would be independent of sensor position;
this effect cannot be explained based on the Gaussian
or the thin-lens model. :

The aforementioned imaging configuration demon-
strates that the effect of the aperture cannot be modeled
by assuming an equivalent aperture at the first princi-
pal plane. Consequently, the Gaussian thick-lens model
does not hold for many common imaging situations. In
the next section, we will present a model which takes
into account the non-zero displacement between the en-
trance pupil and the first principal plane.

3. Proposed Imaging Model

We define our new model to consist of the two prin-
cipal planes, the focal point, and the entrance and exit
pupils. We also define two points E; and FE; which
are the intersections of the entrance and the exit pupils
with the optical axis, respectively. The points E;, Es,
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Figure 4. Imaging geometry for proposed model.

P, and P; in general are all distinct. In the next two
sections, we will derive the geometric and the photomet-
ric mappings between the scene and its image according
to the proposed model.

3.1. Imaging geometry

Consider an imaging configuration shown in Fig. 4.
We define the ray from an object point O that passes
through the center (centroid) of the aperture as the
principal ray. For isotropic lenses, with an aperture
whose center is on the optical axis, the principal ray is
given by OE;. As noted in Section 2.1, the image of
a scene point is determined by the cone of rays from
point O that are allowed to pass through the lens. In
general, the cone of light from point O will impinge the
sensor over a finite area, i.e. the image is defocused and
appears like a blob, unless O is conjugate to the sensor,
in which case the image is a point. The principal ray by
definition forms the medial axis of the light cone, and
hence the center of the blob will correspond to the inter-
section of principal ray with the sensor. Thus according
to the proposed model, the underlying geometry of the
image is determined by the principal ray. ’

Let the sensor be located at a distance v from the
second principal plane along the optical axis. Since,



the underlying geometry is determined by the center of
the blob, we refer to the coordinates of I to be those
of its center. The coordinates of I, i.e. the point of
intersection of the principal ray and the sensor can be
derived to be

o (eme aye
A= \B s,

, 0) in ICS, where,

1 va
= - — 2
o P (U +a 7 ) (2)
Under the transformations.
3, = zo + a, and 3)
va
S _va 4
b= vha- 5, (4)
the term a can be conveniently expressed as
. ‘ 5
= —, 5
=z ()

which is the familiar expression for pin-hole perspec-
tive projection for a frontal planar sensor. This implies
that the proposed model for an imaging system with a
frontal sensor and fixed imaging parameters is geomet-
rically equivalent to a pin-hole model with the following
parameters: the pin-hole is located at the center of the
entrance pupil F; and the distance of the sensor plane
from the pin-hole is .

The equivalent pin-hole model parameters will in
general be different for two distinct! lenses even with
same focal lengths, because the relative positions of the
two pupils and the two principal planes in the two lenses
could be different. Further, adjusting the focal setting
on the lens to alter v also changes the parameters of
the proposed model and hence the equivalent pin-hole
model. For example, if we shift the sensor by dv it does
not imply that the equivalent pin-hole image surface
shifts by the same amount. In fact, from the definition
of ¥ in equation (4) it follows that the equivalent shift

00 is given by
a
v=6v(l——=).
&0 v( F) (6)

We note, the ratio 4 is different for different lenses and
determines the extent of departure of the traditional
models from the proposed model.

Impact: To develop a sense for the errors that accom-
pany the use of the simpler models, consider the usual
imaging situation where images of a scene are acquired
to focus on different objects at different locations. We
use the magnification factor between two images ob-
tained at sensor positions v = 16.83 and v = 17.83 with

I'We define two lenses to be distinct if their lens prescriptions
are different.
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a Tamron 23FM16 lens (Table 1), as a measure for com-
paring the ‘performances of the pin-hole and Gau551an
model to the proposed model.

In Section 2,'we had shown that the Gau551an model
is geometrlcally equivalent to the pin-hole model. If
that holds, a natural question that arises is why com-
pare the performancés of both .the Gaussian and pin-
hole model and why the analysis for any either case
alone will not suffice? The answer is, it depends on the
calibration method used to estimate the parameters of
the two models. If the parameters of the pin-hole model
are derived entirely from the-Gaussian model, then the
two models as proved in' Section 2 are geometrically
identical. However, if the pin-hole is estimated directly
without first estimating the Gaussian model as in tech-
niques proposed by Faugeras [4], Triggs [9], Tsai [10]
and Zhang [12]?, the resulting parameters may in gen-
eral be different. Further, in certain variations of these
general calibration methods, some parameters of ‘the
pin-hole model are pre-constrained to assume known
values from the Gaussian model. Depending on what
assumptions are made, the estimated pin-hole model
parameters and hence the consequent errors in the ge-
ometric mapping are different. We will compare the
proposed, Gaussian and the two common variants of
pin-hole models in the rest of this section. In this dis-
cussion we have assumed that the proposed model cor-
rectly represents the true imaging process, which -has
been experimentally verified later in Section 4.

Case 1. Pin-hole model estimated with no-assumptions
Since no assumption are made, the estimated parame-
ters ©, S, and S,, would be ideally identical to those
of the equivalent pin-hole model (derived from the pro-
posed model) and are given by o = v + a — va/F =
16.48mm, S, = S, and S'y = S,. If there is Imm
change in the sensor position and it is assumed that the
pin-hole parameter ¢ also changes by 1mm, then the
predicted magnification is (16.48 + 1)/16.48 = 1.0607.

Case 2.
U=

Irrespective of the estimated scale parameters, the im-
age magnification is given by (16.83+1)/16.83 = 1.0594.

Case 8. Gaussian model

In the Gaussian model, it is assumed that a = 0, which
implies ¥ = v. Thus, the predicted magnification is
given by (16.83 +1)/16.83 = 1.0594.

Case 4. Proposed model

The proposed model however predicts the magnification

to be 22 which evaluates to (16.48 + 0.365)/16.48 =
1.0221.

Pin-hole model estimated with assumption

2Refer to Zhang’s paper for a thorough list of references on
camera calibration



Consider a pixel with coordinates (200,200) w.r.t im-
age center. The four cases would predict that this
pixel will shift to locations (212.1,212.1), (211.9, 211.9),
(211.9, 211.9), and (204.4, 204.4), respectively, in the
new image. The resulting error of 7-8 pixels could be
intolerable in many applications. We note that if in
cases 1 and 2, the pin-hole parameters had been inde-
pendently estimated for both configurations (i.e. with-
out assuming v = U1 + 1), then the estimated values of
v71 and v, would have been identical to those determined
by the proposed model, resulting in a common estimate
for image magnification. Even though estimating the
parameters individually for all possible camera config-
urations would give the same results as the proposed
model, it is an impractical approach and it defeats the
purpose of modeling and calibration.

3.2. Photometric properties

The relationship between the radiance of an object
point and the irradiance E at the corresponding point
on the sensor, can be derived to be

E=1L (é) cos? 3,
v

where (3 is the angle made by ray OFE; with the optical
axis, A is the area of the entrance pupil and L is the
radiance of object O in the direction OEI. The spatial
variation in irradiance is in the familiar cos* form, how-
ever, the angle 3 is defined by the center of entrance
pupil, and not by the first principal point as done in
the Gaussian model. Note that the expression for ir-
radiance in equation (7) is identical to that for a thin
lens of aperture size A placed at position z = —a in
LCS, with the sensor at a distance ¢ from the thin lens.
Therefore, such a thin-lens would correctly model the
photometric response of the imaging system. The ge-
ometric mapping performed by this thin-lens model is
identical to that of a pin-hole model with the pin-hole at
the location of the thin-lens. Further, we had shown in
Section 3.1 that the pin-hole model which captures the
geometric mapping predicted by the proposed model
for the given imaging configuration places the pin-hole
and the sensor at the same locations as in the afore-
mentioned photometric case. As the final result, the
aforementioned thin-lens model exactly represents both
the geometric and photometric mappings performed but
they are valid for a particular configuration of the imag-
ing system.

As imaging configuration, e.g., the focus setting v,
changes, the parameters of the equivalent thin-lens
model change as well. The parameters of the new con-
figuration can be determined using the transformation
equations (3,4).

(7)
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4. Experiments

As we had shown in previous section, the proposed
model always reduces to the thin-lens model when the
parameters such as the thin-lens location and its dis-
tance to the sensor are chosen as determined by the
transformation equations (3,4). In the experiments, we
present in this section, we compare the accuracy of the
relationship between the camera configuration and the
parameters of the thin-lens models, as predicted by the
Gaussian and the proposed models. This relationship
for the proposed model is given by the transformation
equations (3,4), while for the Gaussian model is as de-
scribed in Section 2. We present two experiments to
compare the accuracy of the relationship for the cases
of proposed and the Gaussian models. The two exper-
iments involve comparing the image magnification and
intensity variation due an axial shift in the sensor po-
sition as predicted by the proposed and the Gaussian
model to the observed value.

Consider the experimental setup shown in Fig. 5. For
all our experiments we used a modified Pulnix TM720
CCD camera. The camera was split into two parts, the
lens mount and the camera housing containing the elec-
tronics and the CCD sensor. The housing was mounted
onto a three degrees of freedom calibrated stage for po-
sitioning the sensor.

Experiment 1: Image magnification due to a
known change in focus setting. A planar chart
consisting of a regular grid of dots was placed at the
distance of 400mm from the front surface of the lens
mount and multiple images of the chart were acquired
for a range of z-stage settings. We identified pairs of
equidistant points on the chart, and in each image mea-
sured the average value of the separation between the
points in the identified pairs. The average distance val-
ues were then normalized by dividing by the minimum



average distance which corresponds to that of the clos-
est sensor position. The normalized value thus measures
the magnification in the image obtained at correspond-
ing z setting, compared to that in the image obtained
at the smallest # setting.

The experiment specific setup involved the follow-
ing. We aligned the sensor center to the optical center
(Cz,Cy) using the technique described in [1]. The fo-
cus ring on the lens was set to infinity, f-number was
set to the smallest value, and the z-stage was adjusted
to focus on a far away object. This z-setting was used
as the reference z = 0.

The experiment was performed for three lenses:
Tamron 23FM16, Tamron 23FM25 and. Canon Zoom
Lens V6x18, for zoom setting 18mm. Fig. 6 shows the
normalized values of the average image plane distance
(‘x’ marks) as a function of sensor position z.. As ex-
pected, the image size changes linearly with sensor po-
sition. We will refer to the graph of image size as a
function of sensor position as the magnification curve,
and its (constant) slope as the magnification rate. Fig. 6
also shows the magnification curves as predicted by the
Gaussian and proposed models. The ¥ parameter of the
corresponding equivalent thin-lens models were used,
after, normalization, to plot the predicted magnifica-
tion curves. The ¥ parameter for the equivalent pin-
hole model derived from the Gaussian model is given
by ¥ = v = F + z, while for the proposed model is a
given by ¥ = v +a + va/F. It can be seen that the
magnification curves predicted by the proposed model
match very closely with the observed variation for each
of the three lenses, while the Gaussian magnification
curves exhibit a significant departure.

Experiment 2: Photometric variation with sen-
sor position. This experiment is similar to the first
experiment except that intensity variation instead of
image magnification was analyzed as a function of sen-
sor position. We used a white sheet of paper as the scene
and acquired images for a range of sensor positions. We
also acquired an image with the lens covered, which we
refer to as the dark image. We subtracted the dark im-
age from the images of the white sheet and plotted the
intensity of the central pixel as a function of the sensor
position. Fig. 7 shows the plots for the three lenses:
Tamron 23FM16, Tamron 23FM25 and Canon V6x18
for zoom setting 18mm. The maximum intensity value
in each plot was normalized to 1 by dividing it by the
intensity value observed at the closest sensor position.
Fig. 7 also shows the plots of photometric variation pre-
dicted by the Gaussian and proposed models. As in the
previous experiment, the proposed model matches the
observation better than the Gaussian model for all three
lenses.
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1 , . . : 5. Conclusions

We have presented a new imaging model which ac-
counts for the position and size of the physical aperture
along with the multiplicity and finite thickness of lens
elements in commonly used imaging lenses. The posi-
tion and size of the aperture plays a critical role in de-
L termining the geometric and the photometric mapping
AN ] between the scene and its image. The proposed imaging
“ model has been compared with the conventional Gaus-
075l | sian thick-lens model and the common assumption of
a fixed equivalent ‘aperture (entrance pupil) coincident
with the first principal plane, irrespective of the location
of the physical aperture, has been critically evaluated.
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